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Lighthill, in his elegant and classic theory of jet noise, showed that the far-field
acoustic pressure of noise generated by turbulence is proportional to the integral
over the jet volume of the second time derivative of the Lighthill stress tensor,
the integrand being evaluated at a retarded time. The purpose of this paper is to
generalize the above results to include the effects of mean flow (velocity and
temperature) surrounding the source of sound. It is shown quite generally that the
integrand is now a certain functional of the Lighthill stress tensor evaluated at a
retarded time. More important, however, at low and high frequencies this func-
tional assumes an extremely simple form, so that the acoustic field can once more
be given by integrals of the time derivatives of the Lighthill tensor. Both the self-
and the shear-noise contributions to the pressure are evaluated.

1. Introduction

In a recent series of papers Mani (1972, 1974, 19750, b) showed that, by in-
cluding the effects of mean flow surrounding the source of sound, many seemingly
strange characteristics of the noise of round jets could be explained in a systematic
manner. Of course, Mani retained some of the original concepts of Lighthill
(1952) (e.g. compact and convecting quadrupoles as sources of sound) but force-
fully showed that acoustic/mean-flow interaction is a key physical phenomenon
that cannot be ignored in jet noise, as is commonly done in applications of Light-
hill’s work.

The importance of acoustic/mean-flow interaction has been recognized for
some time and views to that effect have been expressed by Ribner (1962), Csanady
(1966), Pao (1973) and Gottlieb (1960). However, their discussions are focused on
one limited aspect of mean-flow shrouding, namely shielding at high frequencies
and shallow angles. More recently Ffowes Williams (1974), starting from the
exact Lighthill result, showed that a vortex-sheet analogy is naturally contained
in the equations of motion. Again his work points to the importance of a shrouding
mean flow.

Our primary interest here is in a discussion of the noise generated by small-
scale turbulence surrounded by the mean flow. Thus we adopt the Lighthil)
picture of noise generation by reasonably small and incoherent eddies convecting
with the fluid. The vortex-sheet analogy of Ffowes Williams, on the other hand,
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34 T. F. Balsa

suggests that some of the noise generated may indeed come from the “instability
of the jet boundary’’. Here we shall say nothing about the latter source mechan-
ism but recall that Mani’s work (without any large-scale instability) is very
successful lin explaining most properties of the noise of round jets, hot or
cold. Admittedly Mani’s comparisons cover high subsonic to low supersonic jet
velocities, and large-scale instability becomes most prominent at even higher jet
velocities (Ffowes Williams 1973).

Recognizing then that the following work may have Mach number limitations,
we start from Lilley’s (1972) equation, which takes the effects of mean flow into
account to lowest order. More precisely, the Lilley equation is valid for uni-
directional sheared flows with arbitrary velocity and temperature profiles.
Solutions to this equation have been given by Mani in the special case of slug-
flow profiles, by Goldstein (1975) for low frequencies and by the author (1976 )
for high frequencies. The last two studies are for arbitrary velocity profiles and
cold jets.

Each of the above authors has given the solution for a harmonically oscillating
and convecting point singularity. The purpose of this paper is to obtain the time-
dependent solution to Lilley’s equation with the appropriate shear- and self-noise
sources as forcing terms. It is shown that the acoustic pressure can be expressed
as an integral over the jet volume of certain time derivatives of the Lighthill
stress tensor evaluated at a retarded time. In this respect the present results are
very reminiscent of those of Lighthill and indicate that the stable acoustic solu-
tions to Lilley’s equation probably describe jet noise due to small-scale convecting
eddies.

2. Formulation and solution of the problem

As discussed in the previous section, our starting point is Lilley’s equation

au p

U = LD ¢ ogey D P
L(p,U:x)_'C_gDUp~DUAp——E,(1Ogc)DU—3_;+2E73x'37.

= y(X',t), (1a)
where p is the acoustic pressure, U = U(r) and ¢ = ¢(r) are the undisturbed
(i.e. mean) jet velocity and speed of sound respectively, A is the three-dimen-
sional Laplacian in the space variables and

Dy, = 8fot+ Udjex’ (1)

is a convective derivative. Physical space is spanned by a stationary cylindrical
polar co-ordinate system x’ = (r, 0, 2’) and ¢ denotes time (figure 1). The source
strength & (x’, t) is given by

y=pDUV’.V’.u'u’—2de 4 ‘u’

Ti;_a_f’v L, (2)

where p = p(r) is the undisturbed density, V' is the gradient operator with respect
to the X’ co-ordinate system and u’ is essentially the fluctuating turbulent
velocity (u, isits radial component). Equations (1) and (2) describe approximately
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Cenvecting 2
eddy volume

FicurE 1. Geometry of the problem.

the propagation and generation of sound in a turbulent jet. The quantity u'u’is
called the Lighthill stress tensor.

It should be pointed out that (1a) contains two fundamentally different types
of quantity: deterministic variables (e.g. ¢ and U) and random variables (e.g.
p and #). The purpose of this paper is to establish the dependence of the far-field
instantaneous pressure on the instantaneous noise source. Once this dependence
is known, the mean-square pressure (or suitable autocorrelations of the pressure)
can be readily computed. This approach is exactly analogous to the one used by
Ribner [1969, equations (1) and (3)].

Following the classical notions of Lighthill (1952), we assume that the source of
sound is a convecting turbulent eddy whose velocity is U, = (0,0,U]) = constant.
Generally U, is some fraction of the jet exit velocity (Davies, Fisher & Barratt
1963). Let us further assume that the ‘spatial and temporal’ characteristics
of this eddy, when viewed from a reference frame x = (2, 22, 23) attached to
the eddy, are given by

uu(x,t) =T(x,#), (3a)

where T is a ‘known’ function. Typically T is given by results for isotropic tur-

bulence (Proudman 1952; Ribner 1969). These remarks on source convection
imply that the Lighthill stress tensor in Lilley’s equation can be written as

uu’ = T(x'—U_.t,t). (3b)

Of course, our remarks on representing a stochastic variable uu in terms of a
‘known’ function T are highly qualitative. It is well known that only the statisti-
cal properties of uu can be represented (with some degree of accuracy) by the
results for isotropic turbulence. Nevertheless, it is possible to show that the
conclusions we draw from this paper are exactly the same as those obtained by a
more rigorous analysis involving moving correlations of the noise source term
(see appendix).

It is convenient to introduce the Galilean transformation x = x’ — U_t into our
governing equations. The final result is that the pressure fluctuations obey

Lip: V,2) = fx,1), (¢a)
3-2
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where f(x,t) = pD, V.V.T(x,t) —2p%—1—/£V.T, (x,1), (40)

self-noisge shear noise

V= U_[]c’ (40)

T, = u, uis theradial component of T («, is the radial component of u) and Visthe
gradient operator with respect to the x = (2, 22, 23) = (r, , x) co-ordinate system
(figure 1). The space derivative in Dy, is o/ex.

The first term on the right-hand side of (4b) is usually called the self-noise
source and the second the shear-noise source. We shall retain this terminology even
though it is somewhat misleading since, as we shall see, the self-noise terms also
generate contributions to the acoustic pressure that are proportional to dV/dr.
Note, however, that both source terms are guadratic in the velocity fluctuations.
This definition of shear noise, essentially that given by Lilley (1972), differs from
those given by Lighthill (1952) and Ribner (1969). The most significant difference
is that our shear noise is quadraticin the velocity fluctuations, whereas the
Lighthill-Ribner forms are only linear.

We next solve (4a) under the additional restrictions that p is finite on the jet
axis r = 0 and represents outgoing waves at infinity. Furthermore, this solution
will be valid only as ¢ — oo since all initial conditions (at # = 0) on p are ignored.
In the following analysis we assume that dU/dr < 0, dc/dr < 0 and that
U = U, = constant and ¢ = ¢,, = constant as r -c0. We also use the notation
M ="Ulc, and M, = U,fc,. These velocity and temperature profiles are
representative of those of round jets in a large wind tunnel of speed U, and
temperature c,.

The solution to (4¢) is obtained by a sequence of Fourier transformations. A
similar approach was used by Pao (1973) for the Phillips equation. Define a three-
dimensional transform of the pressure by

P = EI;TJ‘OO ei“’tdtfoo e*is’dzfﬂ ep(r, 0, xz,t)do, (5)

—0<W< W, —w<§<o, n=0+1,+2 ..,

with an identical equation holding for F in terms of f, and apply this transform to
(4a). After a number of integrations by parts (and ignoring the contributions
from the limits + o0) we find that

d ( dP oo M r(cfe)? _
%(’v—d-;)'i‘v(kg _F)P‘——mzcwk(l—NO')‘q’F’ n=0,+1,+2, ..., (60;)

refes)r o _ (1=Noy

where ?)(7') = (T:'N—a_)'z, g° = W —0'2, (6b, C)
N = V/Cco = (U—IZ:)/COO, (Gd)
k=wlc, (—0<k<o), og=8lk (—o0< o< o0 (6e,f)

and w and s are the Fourier transform variables in (5). We shall refer to the Fourier
time transform variable w as the frequency.

Consider next two linearly independent solutions of the homogeneous version
of (6a), and denote these by #,(r) and 5, (r) respectively. We require these to
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have the limiting behaviour
) ~r™ as r—>0 (finiteness condition), (7a)
H(r)>HW(kg,r) as r->oo (outgoing-wave condition), (7b)

where HY is a Hankel function and g, is the value of g at 7 = 00. (Note that we
restrict our attention to those values of o for which g2 is positive; otherwise P is
exponentially small in the far field). Using (6a) and (7) it is a classical Sturm-
Liouville problem to show that (Friedman 1956, p. 151)

. _ dH(r) df,.(r) _wik,o,m)
Wronskian (7, #,) = fu(r) — 7= — == () = o) (8a)
where w is independent of r and

_ ) ® 1o (CofCeo)?
- icwkw(k, o’,n) fo (10__3%0_)3fn(7'0)F0d7'0, (Sb)

where the subscript zero denotes the value of the quantity at ;. We remark that
the upper limit of integration is really finite (since ¥ vanishes outside the jet) and
(8b) is valid as long as r is greater than this upper limit.

The result for the acoustic pressure p is readily obtained by applying the
inverse transform corresponding to (5) to (8b). An intermediate result is

1 it © it .
——_ —iwt 82 --ing
p—(zﬂ)zf_me dwf—we dsngiwe né P, (9a)
For large values of (22 +r2)}, i.e. for a point in the far field, it is possible to evaluate
the s integral in (9a) by the method of stationary phase (Carrier, Krook &
Pearson 1966, p. 273). The point of stationary phase is given by

o = sk = cos /(1 — I, cos ©), (9b)

where M, = (U, — U,)/c,, and @ is the angle between the jet axis and the vector that
joins the observation point and the origin of the convecting X co-ordinate system
at the time of emission. In jet-noise theory © is usually interpreted as the angle
with respect to the jet axis.

We remark that in the rest of this paper, unless otherwise noted, whenever o
(or s = o'k) appears it is to be replaced by the right-hand side of (9b).

After replacing F, in (85) by the transform of f; [see (5)], substituting the re-
sultant equation for P into (9a), carrying out the stationary-phase calculations
and collecting terms, we arrive at

1 © '
p = @t f_ ) dw fdxo Q(r,0— 04, 257, | t, ©) exp (—iko,)
1 © .
X (277)’4’— exp (iwky) f(Xo, bo) dbo,  (9€)

‘ ie—iwt
where Q(r,0— 64, x;7,|t, w) = (

co\2 (1 — M, cos @)2 SRR
" dme kR

o) (1—11,cos®)®

><n=§_‘,_ exp[—in(6—60+%ﬂ)];1Tif’%)—)m. (9d)
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where dx, = r,dr,d0,dz,, the subscript zero on ¢ and M indicates their values
at 7y, B is the distance between the point X = 0 at the time of emission and
the location of the observer (in the far field), M, = M(ry) — M, (M = Ulc,
M, = U,[c,) and k = w/c,. The integral with no limits is to be taken over the jet
volume. Note that the tilde denotes a non-dimensional velocity (normalized by
) relative to M, = U,[c.,. Also, (9¢, d) are to be evaluated at the point of station-
ary phase [i.e. o is given by (95)].}

The function @ is called the Green’s function. Its importance is that once it is
known the acoustic pressure of an arbitrary source f(X, t) can be calculated by
quadrature from (9¢). Replacing f(x, t) by &(z)d(r—7)8(0)exp(—iQt)/r and
evaluating the integrals in (9¢) we find that G(r, 0, z; 7|t, Q) satisfies (4a) with its
right-hand side replaced by the above combination of delta functions.

We emphasize that (9¢, d) approximate the acoustic pressure only in the far
field as R — c0.

We next write the expression for the acoustic pressure (9¢) as a volume integral
of a suitable term evaluated at the retarded time. At this point it is convenient to
treat the self- and shear-noise terms separately [see (45)]. First let us look at the

self-noise. For brevity set V.V.T(x, ) = F(x, 1). (10a)

From (4b), (9¢, d) and (10a) it is possible to show that
_1—=M,cos@ (c\? FXg,t — Rfo, +Xy.8J0w (1~ T, cos )]
Peet =g PG, (1— I, cos )
by writing pD,, #(x,¢) for f(x, t) and integrating (9¢) by parts with respect to ¢,
and #, to eliminate the operator D). Since in the Lilley formulation pc? is a
constant (proportional to the undisturbed static pressure) this quantity has been
removed from under the integral sign. In (105) we have also used the definition

N 1 [=o])
Fot) =5 [ Foototy [

dx, (10b)

" explin(ty )]
X exp ik—F— 7o €08 (0 —0,) % exp[—in(0— 06, +im)]
1— M,cos0 ° Y]l 0
Fal0)
—Z8 2 dw. (10
mw(k, o, n)[2 do. (10¢)
Here I is an arbitrary quantity introduced for later convenience and
€ = (I'cos G, 'sin G, cos O), (10d)
where the components of § are written in the order of (21, 2, 23); see figure 1.
Note that to derive (105) we have multiplied and divided G by
exp [ikry I cos (0 —0,)/(1 — M, cos @)].
The multiplicative factor is shown explicitly in (10¢) and the divisor com-
bines with the exp (—tkoz,) in (9¢) to form the retarded-time contribution
Xo-§[lcw (1 — M, cos @)].
By a completely similar procedure, we find that the shear-noise contribution is
_cos@(1—~Mecos0) (c\2([(dN G Xyt — BJcw +Xq. §fcw (1 — I, cos ©)]
Psnear = 2R A dr), (1— J,cos0)3
dx,, (lla)
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where % is given in terms of by (10¢) and
g(x,t) = V.T,(x,1). (11b)

Equations (10b) and (11a) are the key results on which all the following dev-
elopments of this paper are based. These results express the acoustic pressure in
the far field (R —o0) as an integral of a suitable term over the jet volume. This
term is to be evaluated at the retarded time, indicated explicitly in (10b) and
(11a). In theserespects, the present theoryisextremely reminiscent of the classical
work of Lighthill. There are, however, some important differences, which we shall
point out in the following sections.

We remind the reader that in these equations © is the angle with respect to the
jet axis and

Moo = oo/coo: Jlfc = (]clcooa Jizc = Jlfc _Moos N = (U—(]c)/cmi (lza_d)
M(r) = U(r)few, M(r)=M(r) — M. (12e,f)

In the following sections, we shall show that under suitable conditions the
integrand in (1056) can be written as

FJ(1—H cos®) = Hr)F = Hr)V.V.T (13)

for some function H(r). T is the Lighthill stress tensor. Note that (13) is to be
evaluated at a retarded time and that the double divergence operates only on the
first argument of T. In other words, T evaluated at the retarded time has the
functional form T = T[x, t— R/c, +X.%[ce (1 — M ,cos®)] but the operator
V = 9[ox, in (13) operates only on the first argument of T (i.e. X) and not on the
second (i.e.t). Of course, the second argument of T is also a function of x because of
retarded-time effects. The volume integral of (13) can be evaluated by two inte-
grations by parts and two applications of the divergence theorem. Some of the
volume integrals (after being converted to surface integrals) will vanish because
the source function is zero far enough away from the jet. If we write (for two ar-

bitrary functions ¥ and ¢) 1 ¢ whenever f Ydx = f ¢ dx over a fixed volume,
it is relatively straightforward to show that

HV.V.TLT:VVH+C ( 2

.
wovey VT Vr

HT,VVr*
Ceo (1 — DT, cos O)’

sV Ty V¥ + (14)

1- 31,
+ Vi

CEO (1 - M ¢
where the subscript ¢ denotes partial differentiation with respect to time and
™ =Xx.C.

Similarly we shall show that the integrand in (11a) may be written as

cos 0)

N/dr) @
(1(3117/_—“’%23—@)3 = K(% =KrV.T,
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for some function K, so that

I K
KV.T, = —VK.T, -~

(Tp);- V7*, (16)

where T, =, u is the radial component of T and the subscript ¢ again
denotes differentiation with respect to time. Here u, is the radial component of
the velocity u.

3. The Lighthill results

To see the significance of the previous results, let us consider them in a rel-
atively simple and straightforward setting. We shall assume in this section that
M(r) = 0 (M, + 0) and ¢/c,, = 1. Formally these simplifications correspond to
those Lighthill invoked in his classic theory of jet noise. The function g in (6¢) is
now independent of » and I' is chosen to be sin @. This yields

g =sin®f(1—-M,cos®), VVr* =0, (17a)

Here g has been evaluated at the point of stationary phase [see (9b)]. Two linearly
independent solutions of (6 a) satisfying (7a, b) are

Fulr) = Jylkgr), A (r) = H(kgr), (17b,¢)

where J,, is a Bessel function of the first kind. Thus
wr(2( = (1 — M, cos ©)? (18a)
and the infinite series and integrals in (10¢) can be evaluated in closed form to

yield

A

F(x,t) = F(x,1)/(1— M, cos ®). (18b)
After substituting (18b) into (10b) we find that
— P 774 _ xO'c
Psert = R ~ M, cos ®)f/ {Xo’t R/cw+cw (1— M, cos @)] %, (18¢)

A comparison of the integrand in (18¢) and (13) clearly shows that H = 1, so that

an alternative expression for the acoustic pressure is given by a combination of
(14) and (18¢):

- P .
pself - 47TR0‘§° (1 ‘—MCOS @)3 CC‘J.Tttdx3 (19)

where the integrand is evaluated at the retarded time. Equation (19) is the
very famous result of Lighthill. A thorough discussion and the implications of
this expression were given by him over twenty years ago. Here, of course,
€ = (sin ® cos 8, sin O sin 6, cos O)).

4. Low frequency results

In a recent paper, the author (1975) considered the low frequency radiation by
a convecting source immersed in a jet with a constant (or slug) velocity profile.
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Some of the general results of that paper are applicable to jets with arbitraryt
velocity and temperature profiles. We shall invoke these results to establish the
lowest-order acoustic field as k- 0 for these more general profiles.

More precisely, our low frequency theory is an expansion in the small non-
dimensional parameter |ak|, where a is a typical length scale associated with the
velocity and temperature profiles (usually ¢ can be taken to be the radius of the
jet). The smallness of the above parameter implies that the wavelength of radia-
tion is much larger than the radius of the jet. This expansion in |ak| is singular in
the sense of matched asymptotic expansions. The appropriate length scales in the
inner and outer regions are the jet radius and the wavelength respectively. We
refer the interested reader to the cited work for details.

First, it is known that to lowest order in |ak| the radiation field will be axially
symmetric, which implies that all terms except the n = 0 term can be ignored in
(9d) and (10c¢). Furthermore, from (6@) and (7a) it may be seen that when [k| < 1

Folr) = constant = 1 (20a)

. _ 2ifm (1 - No)?
and Hoy(r) = (I—Noocr)zf PERE dr + constant (200)
= (2ifm)logr+... as r-—>oo. (20¢)

Now H#(r) does not tend to H(kg., r) when r — 0, as required by (7b); rather it
matches the Hankel function in the sense of matched asymptotic expansions.
Thus, to lowest order in frequency, the correct inner solution s J#(r) as given by
(200). Evaluation of the Wronskian (8a) shows that

mw|2 = (1 — M, cos O)2, (204d)
so that from (10¢) we find that when I" = 0
F(x,t) = F(x,1)](1 — I, cos O (20¢)

Second, at very low frequencies the fransverse location (i.e. the z!, 2* co-
ordinates) of the eddy volume is clearly unimportant (this is why the acoustic
field of a source is nearly axially symmetric), so that I is indeed zero and

€ ~ (0,0,c080Q). (21)

We next use (20¢) and (21) in (10b) [with a similar result for (11a)] and invoke
(14) and (16) to arrive at
_ _ plcfc,,)?cost® dM|[dr
D = Psent +pshear - 27T.RCQO (1 —MCCOS®)2 ( r z)t (1 —MCOS @)3d . (22)

Here we write uu for the Lighthill stress tensor T, whose components in (22) are
evaluated at the retarded time. The subscript ¢ denotes partial differentiation
with respect to time. We shall postpone the discussion of these results to a later
section.

1 L.e. continuously varying rather than slug profiles.



42 T. F. Balsa

5. High frequency results

At the otber end of the spectrum, at high frequencies, there is also a simple
relationship between % and & . Here |ka| is assumed to be large and the corres-
ponding results are obtained from the lowest-order term in the expansion of the
acoustic pressure in powers of |ka|—#, § > 0.

Since |ka| is large, the basic assumption of the theory is that the velocity and
temperature profiles change only slightly in one wavelength. In order to derive
an approximation to (6a) that is valid at high frequencies, it is necessary to com-
pare the gradients of the mean-flow profiles directly with .. Note that (6a), as
written, is unsuitable for this because dv/dr (i.e. the mean-flow gradient) multi-
plies dP/dr whereas k multiplies P. To place v—tdv/dr and % on an equal footing,
introduce

R S S
P r kal—NO'P (23a)
and substitute this into (6 @) to obtain
@? (.., n*—}% _ cfce Tt
'Zir—z-i-{kg —— +...:g— _Z'——kaz(l—No')zF’ (23b)

where the dots stand for particular combinations of the mean-flow gradients that
are ignored in relation to k%g? (k- o0). Note that the first derivatives of & are
absent from (235).

It is easy to verify from the expressions (6¢) and (9b) for g2 and o that the
former becomes negative for values of ® in the vicinity of the jet axis; in other
words whenever © is in the zone of relative silence. In order to obtain the solution
to (23b) which is uniformly valid for all »r and ®, we must consider r as a complex
variable and pick suitable branches of the corresponding complex solution as g2
changes sign. This can indeed be done in principlet (Carrier et al. 1966, p. 295;
Balsa 1976a). However, in the present analysis we restrict our attention to
g% > 0 to avoid this additional complication. This inequality means that we are
looking at the sound pressure level and convective amplification outside the
zone of relative silence. Now it is easy to see (and was actually proved by the
author 1976a) that the same convective amplification factor appears inside the
zone of silence as outside it. Thus the conclusions that we draw with respect to
convective amplification are really valid for all angles. The shielding aspects of
acoustic/mean-flow interaction, present only in the zone of relative silence, are
discussed elsewhere (Balsa 19765).

Since the solutions to the homogeneous version of (23b) are (£/g)C, (k£),
where C, is any Bessel function of the first kind and

E(r) = f:gdr, (24)

T For example, the classical WKBJ turning-point conditions tell us how to go from
one branch (g?> 0) to the other (¢2<0).
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it is a simple matter to show from (23a) and (74, b) that

E\bc, 1— No'
20 = (5) s i), (250)

£)\tew _”N m ]
alr) = (gr) ¢ it ol (705)9"1)[—z f (9—ge) dr (25b)
and from (8a) that
wr ¢y (1= M cos0) (" ]
% e 1-M,e050 CP[TY], (9—9x)dr|. (25¢)

Here the subscript J denotes the value of a variable on the jet axis r = 0.
The infinite series and integrals in (10¢) can again be evaluated in closed form.
The result for the self-noise contribution is

— P c_oo (go/go 70)1} Z _
pself - 47TR(1 —MCCOSG)J‘(CO) 1 ——MOCOSG S [th R/coo +T]dX0, (26(1)
cos ® & © dr
where T = -1_—————0()—8—@ c—- + : COS (6 — (90) + fo (g - gw) n . (266)

Here the actual time delay 7 differs somewhat from the classical result. This
is because in the presence of mean-flow gradients the disturbance travels along
the acoustic ray and nof along a straight line joining the emission and observation
points. Thus

7% = 25008 O + £, (1 — M, cos ©) cos (6 — 6,) +(1—ﬂccos®)fw(g—-gw)dr
0
(26¢)

so that in this high frequency limit (retaining only the second time derivatives of
the Lighthill tensor) we find from (26a) and (14) that

= P Ce 3 %____dx * *
Psett = 47 Rez (1 —Hccos®)3f c (g_r) I—MCOSGVT (W) V7%, (270)

where V7* is the derivative of (26 ¢) with respect to the source location. Here we
write uu for the Lighthill stress tensor T and the subscript ¢ again denotes partial
differentiation with respect to time. The components of uu appearing in the
various integrands are evaluated at the retarded time.

The shear-noise contribution is of lower order in k, so that the total acoustic
pressure can be approximated by the self-noise component (i.e. p & Pgeyy)-

When the sources are in the vicinity of the jet axis, (27a) assumes a simple form
since &, = g7y, where g, is the value of g on » = 0. In this case we have

P |l X
= 477 Rc?, (1 -—-]ﬂccos 0)3 CCJ ¢ 1— Mcos® (uua)y,

where § =[g,(1—M,cos®)cos8, g;(1—I, cos®)sind, cos®].

(27b)

Equation (27b) is extremely reminiscent of the Lighthill result and we propose its
use at high frequencies. An equivalent form of (270) was compared quite success-
fully with experimental data (Balsa 1976a).
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6. Discussion

Let us first observe that, as we let M/ — 0 and ¢/c,,— 1 in the high frequency
theory (27), we recover Lighthill’s expression (19). At low frequencies [see (22)],
however, we obtain p = 0. This is because the quadrupole source terms are
O(k?*) and terms of this order are ignored in the low frequency analysis.

Atlow frequencies the sound field p is of dipole type with an effective convective
amplification factor of (1~ M, cos @)~5. Furthermore, this sound field is inde-
pendent of jet temperature provided that the velocity fluctuations are nearly
incompressible (i.e. that these fluctuations themselves do not depend on tem-
perature). The last remark implies that the jet density exponent is zero. Thus, in
the present formulation, at very low frequencies the mean-square acoustic pres-
sure has an amplification factor of (1— M, cos ®)~® [including the correction of
1— 11, cos O for source volume effects (Ffowes Williams 1963)]. Of course, the
corresponding amplification factor for the mean-square pressure in the Lighthill
theory is (1 — 37, cos ®)5.

An equivalent form of (22) in frequency space for a cold jet was obtained by
Goldstein (1975).

A very interesting result, alluded to previously, is that at low frequencies it is
the self-noise contribution that generates (22) and the shear-noise term is com-
pletely cancelled by part of the self-noise term. In this sense, there is no shear noise
at low frequencies in the Lilley formulation. It should be recalled, however, that
the Ribner form of the shear noise survives at low frequencies (Ribner 1969).
Consequently, when the effects of a shrouding mean flow are taken into account
even the self-noise sources can generate terms proportional to the gradients of the
mean flow. Mani (19755) identified some of these additional terms, calculated
them for slug flows and showed that they are needed to account for the negative
density exponent of hot jets. The latter is observed experimentally (Hoch et al.
1973) and could not be explained theoretically before Mani’s work.t However,
Mani only accounted for the derivatives of the mean jet density. There are similar
terms proportional to the velocity gradient. Also, as in the theory of Lighthill, it is
precisely the variation of retarded time across the eddy volume that leads to a
net acoustic field that behaves ag B~ (B —+o0) and to large convective amplifica-
tion factors for higher-order singularities. The last remark also applies to the high
frequency results.

In the purely formal theory of high frequency noise (i.e. k—00, all other var-
iables fixed) the radiation field is of quadrupole type with an effective convective
amplification factor of p ~ (1 — I, cos @)~2. Thus one effect of the mean flow at
high frequencies is to change the exponent of the convective amplification factor
from — 3 (Lighthill) to — 4. This is exactly half-way between the classical and the
previous low frequency results. The explicit dependence of the pressure on
densityisgiven by p® ~ p, which implies a jet density exponent of unity. Of course,

1 It should always be remembered that the Lighthill equation (i.e. a rearrangement of
the equations of motion) must be able to explain everything about jet noise. However, it
may not be clear how to extract a certain piece of information from this equation whereas
it may be clear how to extract it from another equation.
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there is an additional (implicit) dependence on density through the quantity €.
Observe, however, that the ® dependence of the sound pressure field is changed
somewhat from the Lighthill result because of the appearance of g, (and hence ©)
in €.

It isnow possible to use our low and high frequency expressions for the pressure
to establish the dependence of the mean-square sound level on the turbulence
properties. The analysis parallels the classical results of Ffowes Williams (1963).

7. Conclusions

We have shown that at low and high frequencies the acoustic pressure in the
far field can be written as an integral over the jet volume of the product of a
suitable time derivative of the Lighthill stress tensor (evaluated at a retarded
time) and a known function of r. The present high frequency results are valid
outside the zone of silence. The most significant results are that a shrouding
mean flow will change the exponent of the convective amplification factor from
the classical results to some other value, that the self-noise source will generate
terms proportional to the mean-flow gradients (hence the distinction between
self- and shear-noise is artificial in the Lilley formulation) and that the convective
amplification factor of a given kind of singularity is no longer a property of that
singularity alone. For example, both a dipole and quadrupole may have an
effective amplification exponent of — 5 [see (22)]. Finally convective amplifica-
tion itself is frequency dependent, having an index for the pressure of —5 and
— 4 at low and high frequencies respectively.

The author expresses his thanks to Dr R. Mani for help, encouragement and
inspiration. Financial support for this work was provided by DOT-FAA, under
contract DOT-0S-30034, Contract Administrator, Dr R. Zuckerman.

Appendixt

The purpose of this appendix is to show the general mathematical relationships
between the mean-square and instantaneous sound pressures.

Consider a linear wave operator % operating on the instantaneous pressure
p(x,t): symbolically

g[a/at’ 8/3x;a]p =f(x’ t) = g(y_Uct)Y, t)' (A 1)

Here our physical space is spanned by a co-ordinate system x and ¢ denotes time.
The coefficients a of our wave operator are independent of time and of co-ordi-
nates y that span a suitable subspace of x. In other words, we write x =y U Y,
where y and Y are linearly independent subspaces of x such that the coefficients
of Z depend only on Y, i.e. a = a(Y). For example, in the Lilley equation y and
Y may be identified with the axial and transverse co-ordinates respectively.
The right-hand side of (A 1) is a known source term that is assumed to convect
with velocity U, = constant in y space. Again, in the Lilley formulation, the

1 The notation in this appendix is self-contained.
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sources are generally convecting parallel to the axis of the jet.
If the Fourier time transform of p is denoted by p*, then

p*(x|w) = [ dx, G(x, Xo|0) g¥[¥o, Yo [w(1 — M, cos ©)], (A 2)
where Xy = Yo U Yy,
1 © .
0 Y1) = o [ g Yoema, (43)
1 © )
Pxlo) = o [ mtxp e (A9

M, =Ujlc, (co = speed of sound at infinity) and @ is the angle between the
observation and U, directions. @ is the Green’s function that satisfies

Z[—iw,dfox;a] G(X,X,|w) = 8(X—X,) (A 5)

and all radiation and finiteness conditions. §(-) denotes a suitable multi-dimen-
sional delta function and x; is the location of the source.

Result (A 2) can be obtained by applying Fourier transforms to (A 1) in ¢,y
space and evaluating the inversion integral by the method of stationary phase.
Ag such, (A 2) is valid only in the far field as x> oo, It is also assumed that, as
x—> 0, & reduces to the classical wave operator.

Equation (A 2) shows that the far-field acoustic pressure (in frequency space)
is given by the integral of the product of the Green’s function and the spectrum
of the source term in its moving reference frame. The integral is taken over the
jet volume. Furthermore, it is the Doppler-shifted frequency w(1 — M, cos®)
of the integrand that contributes to the spectrum of the sound at frequency w.

On the other hand, from the time-dependent solution p(x,¢) of (A 1) it is
possible to show that

I'*(x|w) = ﬁfdxo |G(x, X,|w)|2 H[Xy, w8D[0%,, 0(1—U,.20[0%x,)], (A 6)

where I'* is the Fourier transform (with respect to 7) of the correlation

I'x,7) = f p(x, 1) p(x,t+7)dt. (A7)
As such, I'* is the spectrum of the mean-square acoustic pressure. The integral
in (A 6) is taken over the jet volume. The definition of H involves the following
string of quantities:

2557 = [ fy+ i ranfy- 150, (a89)
-R(Y7g77-) = ‘%(Y7g+UcT’T) (A 9)
and H(y,k,0) = [ R(y,E,7) e [ -5 E. (A 10)

Thus Z is a suitable two-point correlation of the source term f with arbitrary
time delay and spatial separation, R is the corresponding moving correlation and
H is the frequency—-wavenumber representation of this moving correlation.
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The phase of the Green’s function is given by ®@: specifically, we write
G(x, Xo|w) = |G(x, X,|w)| exp [ —twd(x, X,)].

One important assumption invoked in deriving (A 6) is that the amplitude of
the Green’s function changes negligibly in one correlation length of the source.
We remark that (A 6) is valid both in the far and the near field. For a compact
turbulent eddy, the second argument of H in (A 6) can be replaced by zero.

Equation (A 6) shows that the spectrum of the mean acoustic pressure can be
obtained from the product of the Green’s function and the Doppler-shifted
turbulence spectrum. The resemblance between (A 2) and (A 6) is clear, so that
it is indeed possible to draw qualitative conclusions from (A 2) for I'*. In particu-
lar, the expression for the far-field spectrum of a convecting source [see (A 2)] is
qualitatively very similar to that of noise generated by turbulence [see (A 6)].
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